Abstract: Associated with some properties of weighted composition operators on the spaces of bounded harmonic and analytic functions on the open unit disk D, we obtain conditions in terms of behavior of weight functions and analytic self-maps on the interior D and on the boundary ∂D respectively. We give direct proofs of the equivalence of these interior and boundary conditions. Furthermore we give another proof of the estimate for the essential norm of the difference of weighted composition operators.
Introduction
Let S(D) be the set of analytic self-maps of D. For each ∈ S(D), we may define the composition operator C by C = • , where is analytic on D. Composition operators on various analytic function spaces have been studied over the past four decades. See [4, 18] for an overview of these results. One of the recent main subjects is the study of differences of two (weighted) composition operators, which was originally posed by Shapiro and Sundberg [19] to investigate the topological structure of the set of composition operators on the classical Hilbert-Hardy space. To determine whether two composition operators would lie in the same component in the operator norm topology, one must estimate the operator norm of the difference of two composition operators.
For a bounded linear operator T on a Banach space X , let T X denote the norm of T and T X e denote the essential norm of T , that is, T X e = inf T − K X : K is compact operator on X ψ on the open unit disk D. We refer to [1, 5, 13, 15] for results on other analytic function spaces.
For ∈ ∞ it is known that C = • is also harmonic on D. Choa, Izuchi and Ohno introduced in [2] weighted composition operators M C on ∞ defined by
for ∈ L ∞ (∂D), ∈ S(D) and ∈ D. They characterized compactness of C − C ψ on ∞ in terms of certain conditions on and ψ on the open unit disk D (see also [16] ). Moreover, they gave a characterization of compactness of M C and determined the value of the essential norm C − C ψ ∞ e in terms of behavior of and ψ on the maximal ideal space of H ∞ .
Let
∈ L ∞ (∂D) and ψ ∈ S(D). In [10] , the authors characterized compactness of M C and differences M C −M C ψ , and provided formulas for operator and essential norms of differences M C − M C ψ in terms of certain conditions on functions ψ on the boundary ∂D.
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The subject of this paper is the following. Let ∈ H ∞ and ψ ∈ S(D). For compactness of M C − M C ψ on H ∞ , the interior condition on functions ψ is given in [9] and the boundary condition on them is given in [10] . So these interior and boundary conditions are equivalent. In the next section we recall properties of L ∞ (∂D) functions on ∂D investigated in [10] and give a direct proof of the mentioned equivalence in Section 3. Similar situations occur for other properties of weighted composition operators on ∞ and H ∞ . We give direct proofs for the corresponding equivalences in Section 4. In Section 5, we give another proof of the estimate for the essential norm C − C ψ ∞ e obtained in [2] applying the results given in [10] . That is, we prove the main result (Theorem 5.2) using the behavior of and ψ on the open unit disk instead of on the maximal ideal space of H ∞ . We expect that the technique discussed here would be valuable in other problems concerning composition operators; e.g. using the argument developed here, the authors have determined path connected components in the spaces of noncompact weighted composition operators on ∞ and H ∞ with the operator and the essential operator norms in [11, 12] , respectively.
L ∞ (∂D) functions
In order to study L ∞ (∂D) functions, we recall some elementary facts and notations used in [10] . For ∈ ∞ , let R be the set of θ ∈ ∂D at which has a radial limit. We define a function * on R by *
We have (R ) = 1 and
where I are subarcs of ∂D centered at . By [17, p. 138] , (L ) = 1 and by [17, Theorem 11.23 
We note that the value of the function is well defined on L and 
Boundary vs. interior conditions
Similarly we use {| * | ≤ } and {| * | < 1}, etc. The result below follows from Lemma 2.1.
Lemma 3.1. 
Proof. We have
Since | ( )| → 1 and so { } has no accumulating point in {| * | ≤ }, we have {| * 
This contradicts the starting assumption.
Since ε is arbitrary, we get lim | ( )|→1 ( ) = 0.
Next we see the equivalence between conditions on D and on ∂D for compactness of differences 
Lemma 3.6.
We have
In [2, p. 172], Choa, Izuchi and Ohno pointed out that
This is the interior description of C − C ψ ∞ . As an application of [10, Theorem 4.1], we have the following boundary description;
where sup is taken over θ ∈ {|
. We may assume that | *
Suppose that
is the boundary description, where sup is taken over θ ∈ {| * | < 1} ∩ {|ψ * | < 1}. We shall give a direct proof that the boundary and interior conditions on analytic self-maps ψ are equivalent. We denote by ball(
Proposition 3.7.
Let ψ ∈ S(D) and = ψ. Suppose that {| * | = 1} ∪ {|ψ * | = 1} = 0. Then we have
where sup is taken over θ ∈ {| * | < 1} ∩ {|ψ * | < 1}.
Proof. Since {| * | = 1} ∪ {|ψ * | = 1} = 0, for each ∈ D we have
Thus we get sup
where sup is taken over θ ∈ {| * | < 1} ∩ {|ψ * | < 1}. On the other hand, for each θ such that
This shows sup
Lastly, we consider the case of the differences of two weighted composition operators. For
. Then (Ω) = 1. In [10, Theorem 4.4], the authors proved Lemma 3.8. 
is compact on ∞ if and only if the following seven conditions hold:
(a 1 ) χ {| * |=1} ∂D = 0, (a 2 ) lim →1 χ ({ <| * |<1}∩{|ψ * |=1}) ∂D = 0, (a 3 ) lim →1 sup | ( θ )|ρ * ( θ ) ψ * ( θ ) = 0, where sup is taken over θ ∈ { < | * | < 1} ∩ {|ψ * | < 1} ∩ Ω, (a 4 ) χ {|ψ * |=1} ∂D = 0, (a 5 ) lim →1 χ ({| * |=1}∩{ <|ψ * |<1}) ∂D = 0, (a 6 ) lim →1 sup | ( θ )|ρ * ( θ ) ψ * ( θ ) = 0, where sup is take over θ ∈ {| * | < 1} ∩ { < |ψ * | < 1} ∩ Ω, (a 7 )
Theorem 3.9.
Let M C M C ψ ∈ C ( ∞ ) and = ψ. Suppose that the following three conditions hold: 
, we have ≡ 0 and ≡ 0.
To prove (a 1 ), suppose that ( 
Take a point
These facts contradict condition (b 1 ). Similarly we may prove (a 5 ).
Suppose (a 3 ) does not hold. Then there is a positive number δ such that
for every , where sup is taken over
a.e. on ∂D, there is a point 
These facts contradict condition (b 3 ). Thus we get the assertion.
We use the following theorem in Section 5. 
where sup is taken over θ ∈ { < | * | < 1} ∩ { < |ψ * | < 1}.
Proof. Let
where sup is taken over θ ∈ { < | * | < 1} ∩ { < |ψ * | < 1}. We shall show that A = B. For each ∈ D, we have 
As a consequence, we have
So we get B ≤ A.
1 , for every 0 < < 1, where sup is taken over θ ∈ { < | * | < 1} ∩ { < |ψ * | < 1}, there is a point
Then there is a number , 0 < < 1, such that
Hence |( ψ)( θ )| → 1 as → 1. Therefore A − ε ≤ B, so we have A ≤ B. As a result we get A = B.
4.

∞
vs. H ∞
In this section, we consider the equivalences between the compactness of weighted composition operators and their differences on
For ψ ∈ S(D) with = ψ, it is known that
) and the norm of C − C ψ on H ∞ is given by
(see [14] ). Also we denote by ball(H ∞ ) the closed unit ball of H ∞ . We have that ρ( 
The following is the boundary description of 
where sup is taken over θ ∈ {| * | < 1} ∩ {|ψ * | < 1} ∩ Ω.
Proof. We have
where sup is taken over θ ∈ {| * | < 1} ∩ {|ψ * | < 1} ∩ Ω in both cases. Next, let
where sup is taken over θ ∈ {| * | < 1} ∩ {|ψ
Finally, suppose that
Claim.
There is a sequence
Then |α| = 1 > |β|, either |A| = 0 or 1, and either |B| = 0 or 1. Since {α −α} is a peak interpolation set for A(D), there exists a function ∈ A(D) such that ∞ = 1, (α) = A and (−α) = B (see [6] ). Let { } be a sequence in (0 1) satisfying → 1 and
for every ≥ 1, and
Due to the claim we have 
Corollary 4.2.
Let ψ ∈ S(D) and = ψ. Then the norm of C − C ψ on H
The next result follows from Lemma 3.8. 
Let M C M C ψ ∈ C (H ∞
. Then the following conditions are equivalent:
(ii) There hold: 
Since | ( )| → 1, by Lemma 3.4 we have that
By condition (c 2 ), for any ε > 0 there exists a constant 0 , 0 
< ε
We have (ii) lim
In 
Lemma 4.7.
Let ∈ H ∞ and ∈ S(D). Then the following conditions are equivalent:
(ii) M C is compact on ∞ . 
Proof. First let us show (i) ⇒ (ii). If
Corollary 4.8.
Let
∈ H ∞ and ψ ∈ S(D). Then the following conditions are equivalent:
Proof. Suppose 
Essential norms
Recall that the essential norm of a bounded linear operator T on 
